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This is just the Lagrange bracket of x! with p;, and
the above requirement is satisfied if the Q, Py form a
canonical set (in involution).

If we had expressed Z¢ as a function of Qy, and made
a similar projection of AQ*=3, 6Q* we would have
obtained instead of the Lagrange bracket relation, the
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Poisson bracket relations
(an 0Py an 0Py
i \dx¢ dp; dp:; Ix°

)=6kk' ) (C.10)

which also are satisfied if Qx, Py, form a canonical set
of functions.
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A superconductor in a magnetic field is studied by means of a generalized quasiparticle transformation.
Using the minimum principle for the thermodynamic grand potential, nonlinear equations are derived for
the superconductor, which can be considered valid at finite temperature. For small magnetic potential these
equations are linearized and shown to imply the London formula and the Meissner effect. For a multiply-
connected superconductor the nonlinear equations are shown to be consistent with Maxwell’s equation only
if the magnetic flux is quantized in the units predicted by Onsager.

1. INTRODUCTION

N the basic work of Bardeen, Cooper, and Schrieffer,}
the energy spectrum of a superconductor is de-
scribed in terms of independent quasiparticle excita-
tions. The natural mathematical tool for this description
is the quasiparticle canonical transformation of Bogo-
lyubov? and Valatin.? The presence of external electro-
magnetic fields, however, invalidates the simple pairing
of the original Bogolyubov-Valatin transformation. In
order to study this situation one can introduce a
generalized quasiparticle transformation which makes
no such pairing assumptions. This was done again by
Bogolyubov?* and also, in slightly different forms, by
a number of other authors.® Using these methods a
fully gauge invariant treatment of the Meissner effect
has been achieved.

These discussions of the Meissner effect are usually
limited to the case of absolute zero temperature. The
generalization to finite temperatures is obviously
desirable in order to study electromagnetic properties
up to the transition temperature. However, it is far
from obvious how one should proceed in order to

*The research reported in this paper was supported in part
by the National Science Foundation under Grand No. NSF-
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generalize to finite temperatures some of the above
mentioned discussions. It is convenient to follow rather
closely Bogolyubov’s work? which can be generalized
to finite temperature without too much difficulty.$
We make an ansatz for the density matrix in terms of
independent quasiparticles and use the principle of
minimization for the grand potential. In this way we
obtain a set of nonlinear equations for a superconductor
in a magnetic field which are valid at finite temperature.
The Meissner effect is discussed in a fully gauge
invariant way by linearizing the equations with respect
to the vector potential. The current is seen to vanish
at the critical temperature except for residual Landau-
type diamagnetism. In the simple special case of a
factorizable interaction one recovers the temperature
dependence of the penetration depth given originally
by BCS.!

Once the Meissner effect is established, one can use
the nonlinear equations to study the phenomenon of
magnetic flux quantization in a multiply-connected
superconductor. This phenomenon, which was predicted
theoretically by London’ and Onsager,® has been
verified experimentally by Deaver and Fairbank and
by Doll and Nibauer. For mathematical simplicity
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1961), Vol. I.

8 L. Onsager, Phys. Rev. Letters 7, 50 (1961).
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the doubly connected geometry is simulated in our
treatment (following Yang) by a straight geometry
with periodicity conditions. In the bulk of the material
the nonlinear equations are found to be almost identical
to those for an infinite medium with no field. The
requirement of consistency with Maxwell’s equation
eliminates all but the solutions corresponding to
quantized flux. This study of the nonlinear equations
reproduces a number of the physical results given by
Byers and Yang! in their work on magnetic flux
quantization and by Yang! in his discussion of quan-
tum-mechanical long-range order. In particular, we
obtain the parabolic dependence of the free-energy
curve upon the flux in the neighborhood of the quan-
tized values. Since our scheme is valid at finite temper-
ature, we can observe how the free-energy curve
flattens out as one approaches the critical temperature
from below. We also see that, in the absence of an
attractive interaction causing superconductivity, the
free-energy curve would be flat at all temperatures.
The results of this discussion are very similar to those
obtained independently by Maki and Tsuneto!? with a
different method, that of the thermal Green’s functions.
Our formulas, however, are more general, since they
do not employ the stylized effective interaction of
Gor’kov, and in particular contain contributions of
Hartree-Fock type which are not considered by these
authors.

It will be shown in a separate paper that the basic
nonlinear equations given here can be used to give a
systematic derivation of the Landau-Ginzburg theory
of superconductivity.’® This provides an alternative
derivation to that given by Gor’kov!* and Werthamer!®
using the method of the thermal Green’s functions and
can be used to justify the work of several authors!®
who have discussed the Meissner effect and quantization

-of the fluxoid within the framework of the Landau-
Ginzburg theory.

2. MODEL

The model used aims at describing the essential
equilibrium features more or less in common to all
soft, pure superconductors. The Hamiltonian!?

H:Kfzflafx’fa,fz—{-%Pfxfefaf«:afﬁafﬁafsaﬂ (1)
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describes a system of charged interacting fermions.
As is customary, we include in K a term containing
the chemical potential u. The matrix K is given by

Kip=(f'| (p—AY—ulf)
— 8,0/ [6(k—K') (K2— ) — (k+-K) - A(K'—k)
+(A)(K'-k)]. (2)

The kinetic-energy part of H is clearly invariant under
a gauge transformation of the second kind. Assuming
a diagonal and factorizable spin dependence for P,
the requirements of velocity independence and gauge
invariance lead to essentially just one possibility for P.

Ppigrpsps=0,108002000 (K1t ke—ks—ko) Pi,  (3)
k=ki—k;, Pi=P_(*=P_y. 4

Finally the charge current density operator associated
with H is given by

=TT
=V 3 2kt q)arslaxiqs
ko
—2eV1 z A(k_k/'i“ q)aka‘rak’d ) (5>

kk'c

where p and d denote the paramagnetic and diamagnetic
parts, respectively.

3. QUASIPARTICLE TRANSFORMATION

In order to avoid the simple pairing assumptions of
the BCS scheme and to have the possibility of gauge-
invariant equations, Bogolyubov* introduced the gener-
alized quasiparticle canonical transformation (sum over
repeated indices)Y

ar=uspaptvspopt, ©)
ajt=usptapttus o

It turns out to be convenient to introduce supervectors
and supermatrices

() Q) () o

such that Eq. (6) can be written concisely as

(¢')

a=Ca.

repeated indices is implied. The second quantized fermion field
ay satisfies the usual fermion equal-time commutation relations.
The Hermiticity of H implies Ky2;1=K1,2* for the kinetic-energy
density and Pyiprspa=Ps2sipaps= Pragap2p1* for the potential-energy
density. It is convenient to use units for which Z=¢=2m=1 and
to define the vector potential so that eAconventiona1=A, where
e= — |e| is the charge and m the mass of the fermions.

18 Different spin dependences lead to minor modifications of
what follows.

9 The ansatz, Eq. (6), includes the simple pairing case for the
special choice

sy =85y, Vysr=05505,

where f=—fand uy=u_y, vy=—0_y.
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It is shown in Appendix I that if one requires the
transformation C to be canonical and invertible, then

C must be unitary. Then the matrix C is characterized
by?

C=C»=(Ch)1. (7

It is clear that the set of all generalized quasiparticle
canonical transformations forms a group.

Later we shall use the dyadic particle and quasi-
particle density matrix operators® aat and eat as well
as their thermodynamic expectation values in the
slightly modified forms

i f—1 -G F
G=Gi=—G"=(aa —§1>=<~F* G), 8)

—I* @

—G* F
)
—F* @G

It is seen immediately from the definitions that G and
I are Hermitian and m antisymmetric. Using Egs. (6),
(8), and (9), one immediately verifies the relation

G=CrcCt. (10)

The ansatz for the statistical operator W corre-
sponding to independent quasiparticles is

W=II/{Tslar+ (1—Tasast]
=exp[ Tr(ea! In(r+311))], (11)
and it follows, in complete analogy to the free-particle

case, that I' is diagonal. The entropy S is computed
as the free-quasiparticle entropy according to

—TS=3XInW)
= (26)7 Tr[ GI4+T) In(GI4+T)
+@GI-r) In@GIl-0)]. (12)
As derived in Appendix IT the ansatz (11) implies the
complete factorization of the two-particle correlation
function according to
(astastapasy=GppQGpp—GppGrptFpptF g (13)

The three terms appearing here correspond, loosely
speaking, to the approximations associated with the
names Harteee, Fock, and BCS, respectively.

such that
(aa"Y=G+iI=G

) 9’
{eaty=T4+1I=T @

20 To characterize the special structure of C and similar matrices
it is expedient to define the m adjoint by

An=(0 @\"_ a* as*
az Q4 az* al*
amn= ar\" = a2*
Qa2 dl* :

21 Tn general the symbols will be defined such that Latin
symbols refer to particles and Greek symbols to quasiparticles.

and
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Now (H) can be expressed as
(H)y=% Tr[(E+K)G+F1D], (14)

with the following definitions? for the self-consistent
energy E and the pair potential D:

(15)
(16)

In complete analogy with the density matrices G and
I" one defines the energy matrices E and & by

Qpiprpipr=Pppspipr—Ppgsprps,
E=K+Q-G, D=P-F.

—E* D
E=Ef=——E’"=< ) )]
—D* E
and
—&* A
g—gl=— sm=< ) a7
—A* §
such that
E=Ce&Ct. 17"

We shall finally abbreviate Eq. (16) according to
Eq. (17) as
E=EG]=K+P-G. (16")

With this notation the grand potential & can be written
by adding Egs. (12) and (14)

9=1 Tr((B+K)G+28[(1+1) h(1+T)
+31-1) WGI-D)},

from which it is seen immediately that Q is real.

(18)

4. MINIMIZATION OF THE GRAND POTENTIAL

We can now make use of the minimum principle for
the grand potential.®* We allow variations of I" and C
with the restriction, however, that C be unitary and
m symmetric, and set 62=0. It is easy to see that
&(H)=4% Tr[E6G], where, according to Eq. (10)

8G=06CrCi+ CorCi+ CrsCt. (19)

Let us first vary T, keeping C fixed. We obtain
6Q=% Tr[ CtECST ]+ (28)~! Tr[In(r/I—-T)sr]

and therefore

I'=—1 tanh(388.), (20)

where the matrix & is defined in (17’) and the subscript
d means ‘“‘diagonal part.”
Varying C with I fixed, we have

80=13 T[E(GCrC-+CraCh7.

22Tt is useful to introduce a special associative product (dot)
operation by
A/leBf2f1=A -B =Tr(AB) ,
Agpep¥Byigs= (4" B)yy2,
ApyeByrgggd' = (4-B') iy,
2 See, e.g., H. Koppe, Variations-methoden in der Quanten-

statistik, W. Heisenberg und die Physik unserer Zeit (Vieweg,
Braunschweig, 1961), p. 182.
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Because C is unitary, we find

50=1 Tr[ (P C'EC— CtECT)C5C].

Taking properly into account the symmetry of all
matrices involved, we conclude

[r,g]=0 oralso [G,E]=0. (21)

It is important at this point to note a certain ambi-
guity in the matrix C which was essentially already
observed for the zero temperature case by Valatin.®
If one considers a different set of quasiparticles o
= D~1e with a unitary m-symmetric D which commutes
with T, then it follows that W'=W, or that the sta-
tistical operator is unchanged. All physical quantities
remain unchanged under this transformation. In
particular, we have

G=CrCi=(CD)r(CD)".

On the other hand, it is well known that an arbitrary
Hermitian matrix M can always be diagonalized by a
unitary transformation U. If, furthermore, M is m
antisymmetric, U can be chosen m symmetric; from
which it follows that Mg, is also # antisymmetric.
The proof is very simple. If g is an eigenvector of M
with (real) eigenvalue A then g™ is an eigenvector of
M with eigenvalue —\. If now U is defined as
(g1mgo™- - - $182- - -) then the m symmetry of U is
obvious.

From the Hermitian nature of G and E and Eq. (21)
one concludes that both G and E can be diagonalized by
the same unitary transformation. Since C already diago-
nalizes G into I but is only determined up to a D trans-
formation and furthermore E can always be diagonalized
by an # symmetric unitary transformation, it it possible
to find an m-symmetric unitary C matrix which diago-
nalizes G and E simultaneously into I'" and &. Then Eq.
(21) is automatically satisfied. Since & is diagonal, we
can rewrite Eq. (20) by dropping the subscript 4.

Our problem can now be rephrased as follows. Find
C and I satisfying Egs. (7), (10), (17"), (16"), and
(20). We shall refer to this problem summarily as the
“C problem.”

5. THE CASE OF ZERO EXTERNAL FIELD

Let us first consider the familiar case of a vanishing
magnetic vector potential. This case can be treated
simply in the momentum representation if ome intro-
duces a “barring” operation for coordinates by

f= (k)= (~k, ~0). (22)

With the spin-space matrices

1 0 01
Svu'(l)_—‘ava':( ) ) So‘q’(2)=0'65¢r’= ( ) ) (22/)
01 -1 0
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and the momentum-space matrices
Law®=8(k—K), @Lw®=bk-K), (22")

the solution of the C problem is of the form

U=Uq V=17q
G=Gy F=F;
=Ty +-JOSO g=¢; &IOS (23)
E=E, D=D,
=684 A=Ay

where the subscript ¢ again indicates diagonal matrices
and is dropped below for simplicity. All the diagonal
matrices can be taken as even under the “barring”
operation and real.

Since I' and & must be real and diagonal, it follows
that ¢ and A are equal to zero. Equation (7’) implies
that #?41*=1 which can be parametrized by = coszy
and v=sinyy while Eq. (20) demands that I'=
—3 tanh(388). The relations (10) and (17”) then lead

T OO (O0)

with the rotation matrix
2uv

u?— v’ cosy  siny
R=< =( , .
—2uv  ur—1? —siny cosy

One derives immediately from Eq. (24) that
_ T8\ TE\ /&G
o)) (er)
0 D 8F
as well as &= F?+D? and I"?’=G?+-F2. Eliminating the
spin dependence from Eq. (16’) and substituting the

last results lead to the final two coupled integral
equations for E and D

Ex=R—pt T (Peoo—2Py)[ 8- TwEw+3],
D= _Zk' Py w8 TwDy ,

together with Eq. (20) and 82= Ei2+ D2

The quantity & is the quasiparticle excitation energy.
The system of equations (25) has the general structure
well known from the work of BCS and reduces to the
single BCS gap equation if one neglects the Hartree-
Fock contributions (containing Py_w—2P,) in the
equation for Ex and uses a factorizable (nongauge-
invariant) interaction in the gap equation. They have
a trivial solution D=0 and may admit a nontrivial
solution if the potential is sufficiently attractive. In
their present general form, they could be studied
asymptotically by a slight generalization of a method
employed by Zubarev? for the gap equation. We shall

(24)

(25)

% D. N. Zubarev, Usp. Fiz. Nauk 71, 71 (1960) [translation:
Soviet Phys.—Usp. 3, 320 (1960)].
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not carry out this study here. For our later work it is
sufficient to assume that a nontrivial solution of (25)
has been found somehow. The expressions

u?={cos[§ arctan (E~'D) |}*=3(14&71E),
v?={sin[} arctan(E-'D)]}2=1(1— §1E)

then give the solution of the C problem.

The current calculated from this solution vanishes
trivially as is expected. One can also easily derive for
the grand potential, according to Eq. (18)

Q=21 {(Kx—Ex) G+ 8x ' TxEx)+ Ex— 8«
- k—lPkaZ_Z'B—l ln[l—{—exp(——ﬁé’k)]} . (18/)

6. RESPONSE OF THE SYSTEM TO A
SMALL PERTURBATION

Let the “kinetic energy” part of the Hamiltonian be
K=KO4K® where K® is small of first order and
assume that the solution for K© is known. One is lead
to consider the perturbation ansatz C=C©®(I+B)
where B is taken to be of first order of smallness.
The matrix I4B must be unitary and therefore B
must be anti-Hermitian. Denoting first order differences
of the kind M(K)—M (K®) by M® one finds that T®
and &Y are diagonal and related by the equation
following from (20)

r®=—4B[cosh(388) ] *&™. (26)

Furthermore, it follows from Egs. (10) and (17/) that
(writing C again for C©®)
GW=COTCi+Cro Ci+ Creio =Gt
E®=C0gCi4+ Ce®Ci4 CeCtO=ED1,
or, since CP=C-B, that G®= Cr’Cf and E®= C&’'Cf,
with
I'=0't=—T'"=T®4+[B ],
g'=g't=—gmn=g0+[B,&].
Finally, Eq. (16") implies the relation

E®=KO4+P.GO, (27

It is interesting to observe that the matrix B can be
completely eliminated from the above equations.
Observe that I', T'™W, & and &V are all diagonal and
therefore commute. Then it follows with the Jacobi
identity that

[r,&]=[[B,r],&]=[[B,g]r]=[&,r].

Since the diagonal & and TI' are given, this relation
determines the nondiagonal matrix elements of & in
terms of those of I'". On the other hand &;/=&® and
i =T® so that from Eq. (26)

&/=—4B"1cosh(388) T .

(26")

Equation (27) can be written in terms of & and I
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and becomes

&'=CtK®C+Ci[P- (CT’CH]C. 279
Finally, the linearized problem, with B eliminated from
it, can be stated as follows: Find I'” and &’ satisfying
Egs. (26), (20'), and (27’). The matrices C, T, &, P,
and K@ are to be considered known.

The Meissner effect is then established by examining
the relation between the current and the vector po-
tential. From Eq. (5) one has to first order in A

J)=eV13 1o Ck+q)Groki s —2eNV1A(q), (28)

where G® is given in terms of I'. One can now remove
all the spin dependence by factorization of the spin
matrices appearing in the formulas. The matrix C is
known as

wgd OSD g, IOS
=( ) (29)
0 IS 34, IDSW
while
—KO* 0
Ko = ( ) (29')
0 KO

is with the matrix elements from Eq. (2)
Kip®O=—5§,,(k+k)-A(k'—k).
It is convenient to denote matrices like #, v which

have their spin dependence factored away by the same
symbols as before, if there is no risk of confusion. We

also set
—_SOpE S@OP! =1
=
<—S<2>q>'* S(UP')’ 3=’
and
| [SwEE soAN  gt=¢
8:
(—5%'* Swgf)’ R=a.

Making use of these expressions in Eq. (27) one
obtains easily

GO = —oI"*y—ud*v—1vd u~+ul"u,
FO =yI"*p— 9@ *9+ud'u+oI"u.

On the other hand, substituting into Eq. (27’), one
also obtains, after some calculations, equations not
containing any more spin variables.

&+[vQ-GV*v+vP - FOu+uP - FO*y—uQ-GOu ]
=uKOy—yK 0%y,
A*[uQ - GOv+-uP - FO¥y—oP- FOp4-0Q - GO¥y ]
= —uKVy—yK D%y,

There are, of course, two more equations obtained
from these by complex conjugation.

The spin separated equations we have obtained
contain the unknown quantities together with their
complex conjugates. It is possible to extricate the
quantities themselves by taking suitable linear combi-
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nations of the equations. For any quantity My define

Mkkf=%(Mkkl+TM_k_kr*) , T==1, (30)
so that Myw=>_, Myw". Due to the linearity of the
equations and the fact that they have real coefficients,
we can take the appropriate r combination. Using the
abbreviations

S "= Ukl — TURVi

fkkf’=uk7)kf—i-wkuk/ 5 (31)
Qkk’mm’ = a(k,— k+ nl,—l’n)kac1 )
Pk—k'm—m’ =4 (k/_k-!_m,— m)Pkmq ,
one obtains immediately that?
G = grw Ty’ — frw®e 1w’ 31)

FrwP= fuuelre’+ guwPrr’,
gkk'/+E—gkk'Qkk'm'mgmm’+fkk’Pk—k’m—m'fmm’:]me’,
+[gkk’Qkk’m'mfmm'+fkk’Pk—k’m—m’gmm’:lq’m——m’,
=g Kww®, (317)

Ak—k’/"l' I:fkk'Qkk’m’mgmm’+gkk’Pk—k’m—m’fmm’]me”
+ [—" fkk'Qkk'm’mfmm’ +gkk’Pk,—-k’m—m'gmm’]<I>m—m’ !
= _fkk'Kkk’(l) .

From Eq. (31), it follows that k'—k=m'—m=q
enters into Eq. (31”) only parametrically, and that the
summation over m’ can be performed due to the delta
functions in Eq. (31). The resulting equations can be
written concisely for each fixed value of q in vector-
matrix notation by introducing the vectors I'= (I'y’(q))
= (Txxtq’) and &= (B (q))= (Pr_x—q"); (similarly for
&', A'), the diagonal matrices g= (I 1Vgkktq) (similarly
for f) and the matrices Pyxi= Py ¢ (similarly for Q).

It has been pointed out above that &' is determined
by I'V from Egs. (26”). These equations, after eliminat-
ing the spin matrices give rise to

8 () (Tx—Tipq) = (8x— Exi )T (),

A (@) (TxtTiyg) = (it i) ®i’ (@),
together with the diagonal relation &.'(0)=—487!
Xcosh?(388y) - Ty’ (0). We also observe that the relation

for q=o0 is the limit of the relation for q>£0 as q— o.
Setting

it (@)=TxtTirq, St (@)= 8xt8iyq, (32)
pr=(I%)7 &%,
we can write this in vector form
&=pT" and A'=gd' (32)

which can be taken as valid for all values of q.
Making use of Eq. (32’), we can eliminate & and A’
from Eq. (31”). The resulting equations, written in

26 The superscript = is dropped and k, k’ are not summed over.
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compact vector notation appear as

T gK®
Mo ()
@’ —fK®

where L is the symmetric operator
o+ fPf—g Pg+
L=( Qg fPg+gQf ) 6
gPf+fQ¢  pttgPg—fOf
Following up the steps taken one finds for G®
GO =50 Y (gI"— &)

(33)

and from Eq. (28) with A™'=2¢!N V!

Jo= (M) [N X (2k+q)
X (gul' — f1@") — A(@)].

One should observe at this point that with our
choice of the perturbation (magnetic vector potential)
K®7 vanishes for r=-1. Therefore, Eq. (33) has a
vanishing inhomogeneous term for 7=1 and, since the
linear operator is nonsingular for r=1, it is in fact
possible to conclude that the unknown quantities I
and & vanish for 7=1. Only the combination for
7=—1 survives and has to be found. Therefore we
shall assume in the following that r=—1. If we had
chosen a different perturbation, the situation might
have been different. For instance, if K corresponds
to a weak external electric potential, then it is easy to
see that K® vanishes for 7=—1 and one has to study
in detail the equations for the value 7=+1. In the
case of a general perturbation, both contributions
would be present.

(33")

7. DERIVATION OF THE LONDON FORMULA

We first consider the behavior of our linearized
equations (33) under gauge transformations. An infini-
tesimal gauge transformation can be written in mo-
mentum space as A(k) — A(k)+k-px and ax— ax
+> & 7e—waw. The corresponding first-order change
in K is

KipW=—8,, (k2—k)nw_x (34)

and the first-order changes in F and G are F©V =9F — Fy*
and GV=[7*G]. We are therefore led to expect that,
if one introduces an infinitesimal purely longitudinal
perturbation, Eq. (34), the solution of our linearized
problem will be given by these expressions, or on
comparing terms by

0
B— (ﬁ(” )c.
0 7*

It is verified in Appendix III that this expected solution
is indeed a solution of the linearized problem for a

(35)
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purely longitudinal perturbation and does not give rise
to any current. For I and &' one obtains

I'=T—gty, ®'=-—T*fty, (36)
By factoring # from the corresponding Eqs. (33) and
(36), one therefore finds

—T—ot k2—k2
15 o)
I+ f+ — f(k?—k2)

It is now easy to see that the operator L has a zero
eigenvalue, if q=o0 and the gap equation has a non-
trivial solution. Indeed for q=o the vector { is the
nullvector and (37) then implies L(g=0)y(q=0)=0.

Here the various quantities appearing tend to the
following limits for q=o:

(37)

g=g=1, gr=w2—v?=§E, pt=I"1§, (38)
F=7=0, ft=2w=81D, p=(d&/dr).
Written out, Eq. (37) therefore requires (I''8

+4-P)EI'D=0 to be fulfilled. However, this equation
will have a nontrivial solution §'I'D=F exactly if the
gap equation D4PF=0 has a nontrivial solution.
Thus the operator, which is in general nonsingular,
tends to a singular operator in the limit of gq=o. It is
to be noted however that for spherically symmetric P
and Q, the eigenfunction corresponding to the eigen-
value zero will be spherically symmetric also. In
particular it will be even under the parity operation
k &> —k. This remark will be important later on.

A general vector potential A(q) can always be
decomposed into transverse and longitudinal parts and,
similarly, the perturbation K can be split according to

Ki(@) =K'+ Ki'=—2k-A'(¢)— (2k+q)-A¥(q). (39)

We introduce a parity operation in k-space II, which
reverses the k vector components in the direction of
At Clearly quantities like k2, (k+q)? and Py (by
assumption) are even under IT while k- A?is odd. Since
L is constructed from quantities depending on k2
(k+q)2, and Py_y, it follows that [L,JI]=0. On the
other hand, the longitudinal part of the perturbation
in Eq. (39) is even under II while the transverse part
is odd under II. Hence it follows that if =<0 (L non-
singular), the solution of Eq. (33) will be the sum of
two parts, one even under II, the other odd. As g — o
one then expects L to be nonsingular in the subspace
of odd II parity while it becomes singular, with the
eigensolution (37) in the orthogonal subspace of even
II parity. This illustrates the characteristic features of
the Meissner effect, i.e., the completely different nature
of the response of the system to longitudinal and to
transverse vector potential perturbations.

We proceed now to discuss the Buckingham sum
rule and the current conservation law. It is expedient
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to introduce
Pa "'g(Zka-l" a)
() we ()
D f (Zka+ qa)
such that LT ,=K,. Now according to Egs. (33") and

(40), the expectation value of the current can be
written as

(40)

(Ja(@)= (eA) " [Sap(a)—0as14s(a), (41)
where with Eq. (40) and the symmetry of L,
Sdﬁ(q)=N_1 Zk(zka"l'qqz) (g_r‘ﬁ_f—-q)ﬁ) )
=—NIg|L|Ta)
=S554(q). (41')

Thus the paramagnetic response tensor S.s of Eq.
(41’) is seen to be symmetric. Furthermore it is seen
with the aid of Eq. (37) that

gaSas=—N"XT|L|gaT2)
=N Tg|L|v)=N"Xy|L|Tg)
=N"Xy|Kg)=N" 3 1(2ks+gp) (T—gtg+T+f*f)

=N X u(2kst5) (G~ Gierd) = gs- (42)
Thus we obtain the Buckingham sum rule
[Saﬂ (q) - ,8a5]qﬂ =0, (42,)

which insures that only the transverse vector potential
gives rise to any current. From Egs. (41) and (41’) it
then follows immediately that the current is conserved.

7ol J «(q))=0.

Since the effect of a longitudinal vector potential has
been studied explicitly and shown not to give rise to
any current, we can assume from now on that the
perturbation appearing on the right-hand side of Eq.
(33) is purely transverse. In general it will not be
possible to invert the operator L and solve the equation.
However, it is of interest to consider the limiting case
q— o (London limit) and to study the temperature
dependence of the current in this limit. Using Eq.
(38), Egs. (33) become

a8 &
(—— ——Q)I"=K", (——+P><I>’=0.
ar r

Since &’ must also have odd II parity, it must vanish.
Hence the current response is given from Eq. (33")
for spherically symmetric Q as

(J(@— o)
= (eA)“l[N—l Zk ZkI‘kl— A:I

(43)

_ (eA)‘ll:N‘l 5 zk(1- g—g@f g(—zk'-A)— A]

kk’

=—2¢V-IN,A, (44)



MEISSNER EFFECT AND FLUX QUANTIZATION

with
V=i 1= o) Ly
e 3( i8 ) 8"

+22 k(8 TuEx+3), (45)
where &3 is the component of the momentum along any
axis. NV, can be interpreted as the number of super-
conducting electrons at the given temperature and has
the expected temperature dependence. Indeed, as
T—0 the first term in Eq. (45) vanishes, because
dl'/d6—0, and we have limp,N,=N, the total
number of electrons. On the other hand, as T'— T,
the critical temperature, or at any rate if D=0, we
have successively

8=|E|, ox=E:/|Es,
ar —1 dI‘
N,=4% ks( —EI‘EQ> dIEl (45%)

+22(To+3).

Now, it is easy to show that (45’) vanishes identically.
Consider the derivative

d a
—[ka(rkﬂk"i‘%)] = Fk0k+%+k3— (Pko'k) .
ks ks

Now
ar aEk

—(
d[E] ok
on the other hand, from Eq. (25), we have
OEy d
—=2ks+ 2« Quw——(T'wow).
k Oks’

3
It follows that

d ]
<1 r \a(r Y dr
dE|"/ ok d|E|

-2ks
and Eq. (45) becomes

i)
N3=2 Zk_[k:i(Pko'k'*'%)]:O- (46)
oks

The expression, Eq. (45), for the number of super-
electrons is a generalization of that given by BCS' and
reduces to it if one neglects the contributions containing

If we set D=0 but allow q to differ from zero, the
total current does not vanish. For small q one obtains
a contribution proportional to ¢* which must be
interpreted as a Landau-type diamagnetism. One can
use the formulas given above to study the magnetic
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susceptibility including corrections due to the inter-
action between the electrons. This will be included in
a forthcoming publication.

If one is willing to sacrifice the gauge invariance of
the interaction at this late stage in order to be able to
solve the general linear equations in a special case, one
can consider the factorizable kernel Py x — Ji*Jw.
This model includes the kernels of BCS and Gor’kov
as special cases and Jy will be assumed to be a spheri-
cally symmetric function with a support of the approxi-
mate width 2wpebye centered around the Fermi surface.
All that is needed for the validity of the results given
below is that Jy be such that Ji and the basic quantities
Tk, Titq, %1, Witq, Vi, Vit+q De even under the operation
II. The special form of Jy is not essential in the following
and actually does not enter significantly into the final
formula for the Pippard kernel. From Eq. (33') we
see that the operator L can now be written with the
aid of dyadic notation

=G )
+( f>( gJIfJ)+<f )(f]|g]) @7)

Since Jy is of even parity it follows that the part of L
written in dyadic form gives zero when applied to the
solution of Eq. (33), which must be of odd parity.
Equation (33) can now be immediately solved with
the result

={14+27 L (07) g+ (") 21 (07) gk,
&'=—{1+2J7L(07) g+ (") P D ) K
Furthermore, if we are interested in values of q small
compared to the Fermi momentum, we can make the
approximation J,=0 in Eq. (48), since the function
Jq is assumed to be different from zero only in a shell
around the Fermi surface.

For the paramagnetic part of the current one finds
then

(Jg?)= (eA) N1 3 (2k+q) (2k-A*(@)) L (q)
= (eA) '[N X« kLx(q)JA* ()
with Li(q)=—(o*)1f2— (p~)"'g* where the evenness

(oddness) of Li(q) (k-Af) under II has been used in
the last step. Therefore the total current is given by

(J=—2eV"'N.(q,T)A*(q) (50)

(48)

(49)

with
Ns(q,T)=N—4 Z,k kssz(q) .

This relation is identical to the one derived by BCS!
and hence all the further manipulations quoted there
apply here, if one makes their assumptions about Jx
so that the basic equilibrium solution used here coin-
cides with theirs. The expression derived here is thus
slightly more general.
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8. FLUX QUANTIZATION

We consider now a doubly connected superconductor.
In the stationary situation the bulk of the supercon-
ducting material will exhibit the Meissner effect and
we can at first neglect surface effects. In order to
obtain simpler equations, it is expedient to distort the
typical doughnut geometry which occurs in the phe-
nomenon of flux quantization by cutting it open and
stretching it into a “straight’’ shape. (See Fig. 1.) It
is apparent that the “natural” boundary conditions
at the surfaces S.’ and S, are periodic ones. Further-
more, since surface effects are ignored here, it will be
allowed in a reasonable limit to move the surfaces Fy
and F;, respectively, to the right and left and straighten
them out into planes. It is then convenient to move
them in such a fashion as to construct an L-periodic
box within which the usual box quantization description
with periodic-boundary conditions is adopted. It is
emphasized however that these periodicity requirements
are not on the same footing as far as their physical
significance is concerned. The %, y periodicity is sheer
mathematical convenience bringing about the discrete-
ness of the quantum numbers k., %, while the z perio-
dicity imitates a doubly-connected 3-dimensional
volume. We wish to study the nonlinear C problem in
the geometry just described.

The flux passing through the interior (to the left of
F;) is measured by the line integral of the vector
potential along the arrowed path in Fig. 1:

o= //dF-B=e_1/A-ds.

The path can be deformed arbitrarily as long as it
stays within the superconducting material and clear of
the boundary (where flux and fluxoid differ because of
the surface currents) without changing ¢. In the
modified geometry, a change of gauge does not affect ¢
and therefore it is convenient to choose the gauge so
that A is a constant vector in the z direction. Then
integrating along a straight line from Si to S./, ¢
=¢1LA and

Ky =8, (k—K)[ (k—Ay—p]. (51)
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We decompose a general A according to?
A=A'+A",
A'=Lx[n1LA+3], A'=A—-4".

(52)
(53

Since A’=nL"'r (n integer), it is seen that for any
“allowed” lattice vector k, the vector —k-+2A’ is also
an ‘“‘allowed” lattice vector. This suggests a modified
“barring” operation corresponding to a modified
pairing,

J=(&5)=(~k+24, o),
Agp=Asp=A57
and leads to the modification of 7® into
IeD=§k+k'—24").

It is apparent that of the matrices S®, S@ I® and
I@4 only S® has odd “barring” parity, all others
being even. The C problem is then solved in perfect
analogy with the solution given in Sec. 5 except that
I® js replaced by I®4 and the modified ‘‘barring”
symmetries are used. Let us examine the various
equations of the C problem.?”
The relation (7’) is satisfied if

Ul OSOSD Wy oJ@HFD T [ Ay=1
ul DSOS T Ayt o] 205D TO Wy =0,

(54)

or equivalently #?+1*=1, —ud+v%=0. These rela-
tions can be solved by setting #=cos}y, v=sin}y and
@=u, 9=v. The antisymmetry of D and F implies
[D, 1@ ]=[F I*49]=0 which is equivalent to

D=D, F=F. (55)

The relations (10) and (17”) then demand after
separating the spin dependence and observing Eq. (55)
that

I'=uG—*G+2uvF (56)
0= —uv(G+G)+ (u2—*)F
8=uE—v*E+2uvD (57)

0= —uv(E+E)+ (u*—?)D.

The remaining equations are identical with Egs. (20)
and (25), since the barring operation commutes with
the difference kernels P and Q in Eq. (25), except that
the kinetic energy is modified according to

Ky=h&—A—A"2—p, Ki=(hk—A+A")2—pu. (58)

Introducing the prime and double prime operations,
which split a quantity O into parts of even and odd
“barring” parity, by

O’=%(O+0), O”:%(O_O_)7

26 Here the symbol [x] denotes the largest integer smaller
than x.

27 The subscript d denoting diagonal matrices is dropped for
brevity.
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one obtains the equations
PI ’ gl El
(o)) ()=o)
0 F 0 D
P/I= GII , gl/=E/I .
"= —3{tanh[38(&'+&")]
+tanh[38(8'—6")1},

I~ —}{tanh[}6(&'+ &")]
—tanh[$8(&'— &)1},

(7)

(577)

(59)
and

Ki/= (k—A'Y+A"—pu, K¢'=—2(k—A)-A". (60)

One observes that except for the coupling, which occurs
in Eq. (59) through & and &” the prime and double
prime systems of equations are disconnected.

It is then immediately seen that &'G'=I"E’, §F
=I'D and I'"?*=G"*+F?, §?=E"*4-D? so that finally

EI=KI+Q[8/_1I1/EI+%], EII=KI/+Q'PN
D=—P[&-1"D]. (60")

Together with Eq. (59), the Egs. (60’) form a set of 3
coupled integral equations for the quantities E', E"
and D, from which all the other quantities can be
reconstructed.

In the special case that 4”=0, i.e., A=A'=nwL?
the flux is quantized in half the London units ¢,

o=nwel=%ne¢r (n integer). (61)

Since all the double primed quantities vanish, the
primed and original quantities coincide and the equa-
tions are identical to the equations of Sec. 5 except for
the added A’ in the kinetic-energy expression (58).
Since P and Q are difference kernels, it is easy to see
that the solution of these equations for 4’50 is related
to the solution of the equations for 4’=0 studied in
Sec. 5 by the identity

Ek+A' (A’#O)EEk(A/=0), (62)

and similar identities for all the other quantities. In
particular it follows then from Eq. (62) that all these
solutions have zero current and exactly the same grand-
potential value as the solution for 4’=0 of Sec. 5, in
contrast to the solutions for which the double primed
variables differ from zero as shown below.

The general system with A=A’ can be attacked by
several methods. For one thing one can expand the
equations in powers of the deviation from the nearest
equilibrium point A’, i.e., in powers of 4”. One can,
however, also solve an approximate system of equations
which obtains by dropping the QI term in Eq. (60).

é”l/= K/I ,
I'"'= —{{tanh[38(&'+K")]
—tanh[38(&'—K")J}.

(63)
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Then all the double primed quantities have disappeared
from the equations for the primed quantities and only
the latter have to be found from Eq. (60’) with I'V from
Eqgs. (63) and (59). This set of equations is again
identical to the set derived for 4”’=0 except for the
different I'V and the added A"’ appearing in K.

As far as the linear current response is concerned it
suffices to linearize Egs. (59), (60), and (60’) with
respect to the perturbation A’ for fixed 4’. In this
way one studies the behavior of the system in the
neighborhood of the quantized flux solutions. From
Egs. (577), (59), and (60) it is seen that to first order
inA4”

B dl'x dT'y ~
G =T 8 =— (K" +Qx1 (")
d8yx d8x
and hence
G=xu(1-20) Sroann-ar (68
Y 1 A1— — [ "o (k"— AN 1. 64
LA 87 as

Substituting this into the expression (5) for the current
and using the “barring” parity of the unperturbed
solution for fixed 4’ one finds

(= (eA) 8 (LN T u(kGi+k@)— AT
= (eA)"6(q)[ N T« (2k—4A")G ' —A""]

ar \—
= —ZeV—II:N-I—él Z(kA—ZA’)(l— —Q)
a8

ar
x—(kA—A'>]a<q>A~
dé

=—2¢VIN,-8(q)A”, (65)
or (J)=—2¢V-IN,A”. In the last step the isotropy of
the current response for spherically symmetric Q and
the identity (62) have been used in order to employ
the definition (45) of N,. This factor very clearly
displays the expected temperature behavior of the
supercurrent. Furthermore, since the basic solution for
fixed 4’ is a solution of the full nonlinear equations,
it is permissible to integrate Eq. (65) in order to find
the dependence of the grand potential 2 on 4",

Q(A4")=2(0)+N,A4". (66)
Since ©(0) is equal to the grand potential for the
equilibrium state of the zero-field case it is apparent
that the behavior of @ in the vicinity of the stationary
points corresponding to the quantized flux solutions is
parabolic as predicted by Byers and Yang.! Further-
more, the factor N, displays the anticipated tempera-
ture dependence of the term peculiar to superconductors
in Eq. (66) and, as shown above, causes this term to



A360

vanish above the critical temperature or at any rate
if the gap vanishes.

If one requires that in addition to the electron field
equations resulting from H also Maxwell’s equation,

curlB=(J), (67)

be satisfied, it is seen from Eq. (65) that almost all
solutions parametrized by the one-dimensional con-
tinuous variable 4 are ruled out as consistent solutions
since they have a bulk current. Only the solutions
corresponding to A”=0, i.e., quantized flux values, are
also electromagnetically consistent in that they assume
a vector potential corresponding to a full Meissner
effect and have no bulk current. Thus in the infinite
cubic box geometry the Meissner effect drastically
reduces the possible stable thermodynamic states and
only allows solutions to the C problem with quantized
flux parameter. The fact that more than one solution is
possible is due to the periodicity requirement which
imitates the doubly connected geometry. For the singly
connected case there is just the solution corresponding
to #=0, i.e., the equilibrium state. The actual experi-
mental situation is somewhat different, since the
geometry is neither infinite in extent nor straight, but
typically finite and doubly connected as depicted in
Fig. 1. If the superconducting specimen is sufficiently
thick so that the full Meissner effect B=o can develop
in the bulk of the material, and sufficiently large so
that the actual curved nature of the surface can be
ignored as far as the microscopic properties are con-
cerned, the solutions described above will afford a
reasonably good description of the bulk properties of
the system.

In the experiment described in the papers quoted in
Ref. 9, the system is placed into an external homo-
geneous field parallel to the cylinder axis and then
cooled below the transition temperature. The bulk of
the cylinder goes over into one of the preferred states
with 4”’=0, since this is the most economical arrange-
ment as far as the volume contribution to the grand
potential is concerned. However, two surface currents
are needed to bring this preferred state into existence.
One of these persistent currents flows along the outer
surface and is such as to cancel the applied field inside
the superconductor and thus enables the Meissner
effect to be set up. The other surface current flows
along the inner surface and creates the quantized
amount of flux through the hole in order that the bulk
of the material have a vector potential corresponding
to one of the preferred values consistent with Maxwell’s
equation.

The theoretical discussion of the surface transition
regions and the behavior of the field quantities there is
rather complicated and essentially unsolved as far as a
truly microscopic treatment is concerned. However
within the framework of the Ginzburg-Landau theory
several such discussions have been given.!®
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APPENDIX I
Unitary of C

With the dichotomic index »= (%) such that a;=a,_,
ast=as, ay=a;, ast=ay,
and
tpp=Crp— wsp*=Cprypy

vip=Crpp vpp*=Cryp-
Eq. (6) can be written as ay=Cyppapy. This
transformation is canonical if and only if
{afl':af'l”} = 6/!"5;',—11'
implies
{asmasy}=08770y—v
and vice versa. The m symmetry of C leads to
Cfvf' v == C*f—yf’—v’
and one finds
O1p8u = {ah:af’—v’}
= Cfvopcf'—v’a’p' {aton0g o}
= Cfvapcfap/'v‘

or I=C.Ct. If Eq. (6') is required to have an inverse
then C has a unique C and

C=(Ch, (A1)

i.e., Cis unitary.
APPENDIX II
Two-Particle Correlation Function
It is seen from Egs. (9') and (10) that
G=uw*Ta+v*(1—-T)7,
F=vTli+u(1—-T)7,
Ft=u*Tvt+o*(1—T)ut.

Together with Egs. (6) and (9’) this implies

(astastasas)
=((usg*agt+vsg¥ay) (us2 oyt +o,0,5,2)
X (53500050 s35000551) (g4t p45004T) )
=[upg*uspTotvp*v (1— Ty
X. D"fﬁai*“f’azraz'l' 1),‘202*7);802 (1 - I—‘a’)]
—[usrg*ussg Tortvs,% 05, (1—=Tg1) ]
X[usrp upsg T prtvs0,5% 0452 (1—Tg2) ]
FLur1e*vs20* Tortvp1p%up2g* (1— Fal)]
X[ussv54:T gt 0300 p43(1—Tg3) ]
=GpyGrp—GppGrptFpptF g



MEISSNER EFFECT AND FLUX QUANTIZATION

This corresponds to the results of a generalized Wick’s
theorem.

APPENDIX III
Proof of Equation (37)

The expected solution

(35)

leads to

=T )
r'=[B,r]= X
Cae o

After both the factorization of the spin matrices and
the 7 separation, one finds I'=T""g*y and &= —T*+f*.
Writing out Eq. (33) with the use of Eqgs. (33"), (34),
and (35), one obtains after factoring 7

& gt—gQ(T*fft++Tgg")

— [P(THe ft—T"fg") =g (B —k"),
&' ft+gP (Mg fr—Tfg*)

—fO(T+ff+Tggh) = f(#—k"),
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which reduces to?®

é”—g+—'g(E_El)+f(D+D,)=0: (36/)
&t fr—g(D+D")— f(E—E)=0,

if one uses
THffH+Tggr=T(u—?) —I" (2 — %) =G—G',
THg ft—T—fgt=T2uv+1"2u’ = F+F’,
K—k?=E—E—~0(6—G),
and
0=D+D'+P(F+F).

Multiplying Eq. (36’) by f+ and g*, and adding and
subtracting the resulting equations, one has
0= —&sin(y+v')+siny’ (E—E’)
+cosy’(D+D"),

0=—8+4+§& cos(y+7')+cosy(E—E’)

+siny(D+D’), (36")
and two equations with primed and unprimed quantities
interchanged. Since, according to Eq. (24), E= & cosy

and D= &-siny it is seen immediately that Eq. (36")
is satisfied.

28 Tn this section the prime denotes a change of argument from k
to kK



